Chapter 2

Dartial devivatives
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2.1 Introduction

Before we actually start taking derivatives of functions of
more than one variable let’s recall an important interpretation

of derivatives of functions of one variable. Recall that given a

function of one variable, f(x) , the derivative, f'(x) represents

the rate of change of the function as x changes. This is an
important interpretation of derivatives and we are not going
to want to lose it with functions of more than one variable.

The problem with functions of more than one variable is that
there is more than one variable. In other words, what do we
do if we only want one of the variables to change, or if we
want more than one of them to change? In fact, if we’re
going to allow more than one of the variables to change there
are then going to be an infinite amount of ways for them to
change. For instance, one variable could be changing faster
than the other variables in the function. Notice as well that it
will be completely possible for the function to be changing
differently depending on how we allow one or more of the
variables to change. We will need to develop ways, and

notations, for dealing with all of these cases. In this section
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we are going to concentrate exclusively on only changing one
of the variables at a time, while the remaining variables are
held fixed. We will deal with allowing multiple variables to
change in a later section. Because we are going to only allow
one of the variables to change taking the derivative will now
become afairly ssimple process. Let’s start off this discussion

with a fairly simple function. Let’s start with the function

f(x,y) = 2x%° and let’s determine the rate at which the
function is changing at a point(a,b), if we hold y fixed and

allow x to vary and if we hold x fixed and allow y to vary.

We’ll start by looking at the case of holding y fixed and
allowing x to vary. Since we are interested in the rate of
change of the function a (a,b) and are holding y fixed this
means that we are going to always have y = b (if we didn’t
have this then eventually y would have to change in order to
get to the point...). Doing this will give us a function
involving only x’s and we can define a new function as
follows, g(x) = f(x,b) = 2x*b°.
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Now, this is a function of a single variable and at this point

al that we are asking is to determine the rate of change of

g(x) at x =a. In other words, we want to compute g'(a) and

since this is a function of a single variable we aready know

how to do that. Here is the rate of change of the function at

(ab) if we hold y fixed and allow x to vary such that
g(a) = 4ab>. Wewill call g'(a) the partia derivative of f(x,y)

with respect to x at (ab) and we will denote it in the

following way, f, (a,b)= 4ab’. Now, let’s do it the other way.

We will now hold x fixed and allow y to vary. We can do
thisin asimilar way. Since we are holding x fixed it must be
fixed at x = a and so we can define a new function of y and
then differentiate this as we’ve always done with functions of

one variable. Here is the work for this, h(y) = f(ay) = 2a° y*
h(b)=6&" b° . In this case we call h'(b) the partial derivative

of f(x,y) with respect to y at (ab) and we denote it as
follows, f, (ab)=6a" b’.

Note that these two partial derivatives are sometimes called

the first order partial derivatives. Just as with functions of
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one variable we can have derivatives of all orders. We will
be looking at higher order derivatives in alater section. Note
that the notation for partial derivatives is different than that
for derivatives of functions of a single variable. With
functions of a single variable we could denote the derivative
with a single prime. However, with partial derivatives we
will aways need to remember the variable that we are
differentiating with respect to and so we will subscript the
variable that we differentiated with respect to. We will
shortly be seeing some alternate notation for partial
derivatives as well. Note as well that we usually don’t use the

(a,b) notation for partial derivatives. The more standard
notation is to just continue to use (x,y). So, the partial

derivatives from above will more commonly be written as,
f, (xy) = 4xy® and f, (x,y) = 6X°y". Now, as this quick
example has shown taking derivatives of functions of more

than one variable is done in pretty much the same manner as

taking derivatives of a single variable. To compute f, (X,y)
all we need to do is treat all the y’s as constants (or numbers)

and then differentiate the x’s as we’ve aways done.
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Likewise, to compute f,(x,y) , we will treat all the X’s as
constants and then differentiate the y’s as we are used to
doing. Before we work any examples let’s get the formal
definition of the partial derivative out of the way as well as
some alternate notation. Since we can think of the two partial
derivatives above as derivatives of single variable functions it
shouldn’t be too surprising that the definition of each is very
similar to the definition of the derivative for single variable
functions. Here are the formal definitions of the two
definitions partial derivatives we looked at above.

o i (A0 i Oy HR-T)
OX h-0 h 8y k—0

Now let’s take a quick look at some of the possible alternate
notations for partial derivative. Given the function z = f(x,y)
the following are all equivalent notations, f, (x,y) = f, =

of

0z _of _ o oz
e Ty)=22 & Hx)=h=3 = 5 y)=2= .

Ox oy
For the fractional notation for the partial derivative notice the
difference between the partial derivative and the ordinary

derivative from single variable calculus.
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f(x):>f'(x): , T y)=1(Xy) = 8f and f,(X,y)= Oy

Now let’s work some examples. When working these
examples always keep in mind that we need to pay very close
attention to which variable we are differentiating with respect
to. Thisis important because we are going to treat all other
variables as constants and then proceed with the derivative as
if it was afunction of a single variable. If you can remember
this you’ll find that doing partial derivatives are not much
more difficult that doing derivatives in of functions of a

single variable aswedid in Calculus|.

Let f(x,y) be a function with two variables. If we keep y
constant and differentiate f (assuming f is differentiable) with

respect to the variable x, we obtain what is called the partial

derivative of f with respect to x which is denoted by of O fy

Similarly If we keep x constant and differentiate f (assuming
f is differentiable) with respect to the variable y, we obtain
what is called the partial derivative of f with respect to y

which is denoted by ayor fy. We now present severa
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examples with detailed solution on how to calculate partial

derivatives.

Example 1

Find the partial derivativesf, and f, if f(x , y) is given by
a) f(xy)=xy+2x+y

b) f(xy)=yInx + %+ (v

Solution:

Assume y is constant and differentiate with respect to x to

obtain

of _

3 =k aix(xzy +2X +y) =2xy+2X,

ALy, 4
PN e

Then assume x is constant and differentiate with respect to y

to obtain



of _ 0

a) fy :5—y = W(Xzy +2X +Yy) =x7+1,
b) f, :% = 7y°Inx - %
Example 2

Find al of the first order partial derivatives for the following

functions.

a) W(X,y,z) = x°y -10 y?Z*+43x-Ttan(4y),
b) f(xy) = cos(*) &S,

Solution:

a) Wy = 2xy+43, Wy = Xx° -20 yz°-28sec(4y), W, =-20y°z

= _ 4 gn(H e 4y oxy-5y3
b) f, Xzsm(x)ex 2xycos(x)eX :

fy = (¢y-15y))cos( ) &,
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2.2 Total derivative

If the function is implicit such that f(x,y) = 0, then the first
derivative y' can be calculated as fy(x,y) + fy(x,y) y'= 0,
hence

y'=-tx @
y

From second derivative, we will get:

foct Fy Y +Hy (V) + fiy'+ fyy''=0,

therefore
fy [IFRY: '
fxx + 21:xy (_f_)+ fyy (_f_) T fy y = 01
y y

Thus

R W LI N N

3)
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Example 3

Find the first and second derivatives for the function
xcos(xy) + €Y =0

Solution:

Let f(x,y) = xcos(xy) + €7, f,= cos(xy) - xysin(xy) + ye* ,
and f,=-x"sin(xy) + x€Y, thus f,= -2ysin(xy) - xy°cos(xy)
+y°eY, and f,,=-x° cos(xy) + x°€”, f,,=-2x sin(xy) - X’y
cos(xy) + € +xye”.

Therefore

cos(xy)-xysin(xy) + ye”
-x? sin(xy) + xe¥

f
y’:__X:
fy

Hence

[ p—

Focf 2 - 26 o+, f2
f3
y
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2.3 Applicationson partial derivatives

Taylor expansion

To expand the function in two variables f(x,y) about the
point (a,b) using Taylor expansion, we have to get f,, f, , fu«

, Txy , fyy » then substitute in the following expansion at (a,b)

such that: f(xy) = f(ab) +5[f(@b) (x-a) + fy(@b)(y-b)]

+%[fxx(a,b)(x-a)2 + 2(x-a)(y-b)fyy(ab) + fy(@ab)(y-b)  (4)

Example 4

Expand the function f(x,y) = €Y cos(x+y) about (0, )

using Taylor expansion.

Solution:

We haveto get fy, fy , fxx , fxy , fyy such that:
fy = ye¥cos(x+y) -€”sin(x+y),f,=xe¥cos(x+y) -€” sin(x+y),

fxc =y € (y cos(x+y)-sin(x+y))+€”(-ysin(x+y) - cos(x+y)),
fyy = X €”(xcos(x+y)-sin(x+y)) + €”(-xsin(x+y) - cos(x+y)),
fxy = X €7(y cos(x+y) - sin(x+y))+ €”(-ysin(x+y)).
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Therefore: at (0, )

£ (0, M) = -1, f((0, T) = -7, f(0, ) =0, fyx= -n2+1, fyy =
1,y =0.

Substitute in (4), thus f(x,y) = f(0,m) + %[fX(O,n) (x-0) +
0, m)(y-)] + 2 [ Fd0,) (x-0) + 2(x-8)(y-T0) o0, )+
f,,(0,1) (y-7)?), therefore

f(xy) =143 (-mx) + 3 ((7241) % + (y-7))

Example 5

Expand the function f (x,y) = xy €Y about (1, 0) using

Taylor expansion.

Solution:

We haveto get f,, fy , fux , fxy , fyy such that:

fo =ye¥(xy + 1), fy = xe¥(xy + 1), f=y%e¥ (xy + 2),

fy=x€Y (xy +2), and f,, = € (xy + 1)°+ xy €.
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Therefore: at (1, 0)

f(1,00=0,f,=0,f, =1,f=0,fy=2,fy=1

Substitute in (4), we will get :

fxy) = 1(1,0) + % (f(10) (x-1) + £,(10) (y-0)) +

2 (51.0) (1) + 2(x-1) (y-0) (L, 0) + fy(L, 0) (y-0)?),

thus f(x,y) =y + (x-1) y +y°.
Problems

Expand in Taylor the following functions
1) f(x,y) = €¥ sinx about (%,0)

2) f(x,y) = sin(e™) about (g ,0)

3) f(x,y) = x* sinxy about (1,0)

4) f(x,y) = € cosy about (1,%)
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Taylor Maclaurin expansion

If the above point is (0,0), i.e. a = b = 0, then the above
expansion is called Taylor Maclaurin so that: f(x,y) = f(0,0)

+ 5 (<£(00) +y 1,00)) + 3 6P F(0.0) + 2xy £(00) +
y* f,,(0,0)).
Example 6

Expand the function f(x,y) = In(x+y+1) using Taylor

Maclaurin expansion.

Solution:

_ 1
We have to get fy, fy , fux s fxy » fyy SUChthaIfx—XJr—N’
fo= 1L - -1 e -1
YU Xx+y+1 X (x+y+1)2" ¥ (x+y+1)2’
f :_—1_
Y (x+y+1)?

Therefore: at (0, 0)

£(0,00= 0,f =1,f, =1, f=-1,fy=-1, f,=-1
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Substitute in (4), we will get :

fxy)= f(00) + 5 ( K00 (x0) + £,(00) (y-0)) +
2 (£0,0)(x-0)° +2(x-0) (y-0) f1(0, 0) + y(0, 0) (y-0)?),

therefore f(x,y) =x+y % [ x>+ 2X y+ yz]

Envelope

In geometry, an envelope of a family of curvesin the plane
IS a curve that is tangent to each member of the family at
some point. Classicaly, a point on the envelope can be
thought of as the intersection of two "adjacent" curves,
meaning the limit of intersections of nearby curves. This
idea can be generalized to an envelop of surfaces in space,

and so on to higher dimensions.

Let f (x,y,o) = 0isagiven curve with parameter o, then
to evaluate envelope which is the equation of the curve
including f (x,y, o) = 0, we haveto follow these steps

e Obtain %f (xy,0) =0, from which we can get
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o =g(x,y)
e Substitute o =g(x,y) in f (x,y, o) = 0 such that the
envelopeis f (x,y, g(x,y)) =0.

Example 7

Find the envelope of the following curves:

1- xcosoL + ysino= P, o isthe parameter .

2- (X- ) +y?=2c

Solution:

1- %(xcosoc +ysina = P) , therefore -xsino+ycoso= 0,

X _ sno=_—Y _ hence

thus tanoi=y/x, so coso=
x2+y2 X2 _|_y2

envelopeis X2+Yy?2 = P,

2- %((X- c)? +y? = 2¢), therefore 2(x-c) = 2, thus x-1 = ¢,

hence envelopeis 1+ y*=2(x-1)= 2x-3=V~.
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Problems

Find envelope of the following functions
1) (x-cosa)® + (y-sino)® = p

2) (x-a)° +y* =4

3)y=ax + 1/

4) 2c x + (y- €)°= 2y

Maxima and Minima

The problem of determining the maximum or minimum of
function is encountered in geometry, mechanics, physics,
and other fields, and was one of the motivating factors in
the development of the calculus in the seventeenth century.
Let us recall the procedure for the case of a function of one
variable y=f(x). First, we determine points X. where
f( X¢)=0. These points are called critical points. At critica
points the tangent line is horizontal. The second derivative

test is employed to determine if a critical point is arelative
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maximum or a relative minimum. If " (x.) > 0, then x. isa
relative minimum. If (X)) < 0, then x; is a maximum. If
" (Xc)=0, then the test gives no information. The notions of
critical points and the second derivative test carry over to
functions of two variables. Let z = f(x,y) and the critical
points are points in the xy-plane where the tangent plane is
horizontal. The tangent plane is horizontal if its normal
vector points in the z direction. Hence, critical points are
solutions of the equations because horizontal planes have
normal vector parallel to z-axis. The two equations fy = 0,
fy = 0 must be solved simultaneously to obtain the critical
points (X. , Yc) and by applying the second derivative test so
that we get fu, fyy, fuy . If A(Xc Vo) = F(Xc 1Ye) fyy(Xc \Yo)
- [fxy(Xe YI° > 0, then at (X, Y) the function z = f(x,y) is
said to have maximum or minimum value, if fy f,, >0,
then z = f(x,y) is sad to have minimum value while if
fi fyy <0, then z = f(x,y) is said to have maximum value
but if A (e Ye) = Fae Yo Fyy(Xe ¥o) = [Fuy(Xe YOI < O,
then (X. , Y¢) is asaddle point and if A(X.,Ye) = 0, then we

have no decision.
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Example 8

Determine the critical points and locate any relative

minima, maxima and saddle points of function f defined by:
f(X,y)=2x% + 2xy + 2y - 6X

Solution:
Find the first partial derivativesf, and f, such that:

fx(X)y) =4x +2y -6, f,(X)y) =2x + 4y

The critical points satisfy the equations f,(x,y) = 0 and
fy(x,y) = 0 simultaneously, hence 4x+2y -6 = 0, 2x+4y = 0.

The above system of equations has one solution at the point
(2,-1). We now need to find the second order partial
derivatives f.(X,y), fyy(X,y) & fy,(X,y) such that f.(X,y)= 4,
fy(Xy) = 4, fy(X)y) = 2. We now need to find A defined
above so that A = f,,(2,-1)f,y(2,-1)-f,,*(2,-1)=(4)(4) -2° = 12

Since A is positive and f,,(2,-1) is also positive, according
to the above theorem function f has a loca minimum at

(2,-1). The 3-Dimensional graph of function f given above
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shows that f has a loca minimum at the point
(2,-1,f(2,-1)) = (2,-1,-6).

Example 9

Determine the critical points and locate any relative

minima, maxima and saddle points of function f defined by
f(x,y) = 2X°- Axy +y* + 2

Solution:
Find the first partial derivativesf, and f, such that:

f(Xy) = 4x - 4y , T (x,y) = - 4x + 4y°

Determine the critical points by solving the equations
fx(x,y) = 0 and fy(x,y) = O simultaneously, such that:
4x - 4y =0 and - 4x + 4y°> = 0.

The first equation gives x = y. Substitute x by y in the
equation - 4x + 4y> = 0 to obtain - 4y + 4y° = 0, therefore
4y (-1+y*) =0, hencey =0,y =1andy = -1. We now use
the equation x =y to find the critical points such that (0, 0),
(1,1) and (-1, -1) arethecritica points.
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Determine the second order partial derivatives such that:

fXX(X’y) = 4’ fyy(X’y) - 12y2 ’ fXY(Xsy) =-4

We now use atable to study the signs of A and f,,(a,b) and
use the above theorem to decide on whether a given critical

point is a saddle point, relative maximum or minimum.

Critical | (0,0 (1,1) (-1,1)
point

frx 4 4 4

fyy 0 12 12

fry -4 -4 -4

A -16 32 32
Saddle Relative Relative
minimum minimum

Example 10

Determine the critical points and locate any relative

minima, maxima and saddle points of function f defined by

f(x,y)=-x*-y*+ 4xy.
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Solution:
First partial derivatives fy and f, are given by

f(xy) = - 4x3 + 4y, f (xy) = - 4y° + 4x

We now solve the equations fy(x,y) = 0 and f,(x,y) = O to
find the critical points such that -4x> + 4y = 0, -4y> +4x = 0.
The first equation gives y = x°. Combined with the second
equation, we obtain - 4(x°)® + 4x = 0 which may be written
asx(x* - 1)(x*+1) =0, sothat x =0, -1 and 1. We now
use the equation y = x° to find the critical points (0,0),
(1,1 and (-1,-1). We now determine the second order
partial derivatives such that f,(X,y) = -12x%, fy(X,y) = -12y°
, Txy(X,y) = 4. The table below shows the signs of A and
f.w(ab). Then the above theorem is used to decide on what

type of critical pointsitis.

Critical point | (0,0) (1,1) (-1,1)
fix 0 -12 -12
fyy 0 -12 -12
fry 4 4 4
A -16 128 128
Saddle Relative Relative
max. max.
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L agrange multiplier (conditional extrema)

Let f(x,y), g(x,y) are functions in two variables with
continuous partial derivatives such that g(x,y) = c is the
constraint equation and f(x,y) has an extreme vaue at
(Xc, Yeo) Which satisfy g(x , y) = 0.

1fVo(Xe, Ye) = X g(x y)l+ g(x y), j20aX=Xc,y =Y,

then there exist anumber A such that;

VI (Xe, Ye) = AVO(Xe, Ye)

A iscaled Lagrange multiplier, therefore
0 .0 . _ O .0 :
ax | i+ TOGY)) =A L5 axY)i+ 50 g(x.y)i ]
Thus
STEN=AS oY), STxY)=h 5 00y)& glxy) =c

By solving the 3 equations, we get extreme points. This

method is called Lagrange multipliers.
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Example 11

Find the dimensions of the box with largest volume if the

total surface areais 64 cm?>.
Solution:

Before we start the process here note that we also saw a
way to solve this kind of problem in Calculus I, except in
those problems we required a condition that related one of
the sides of the box to the other sides so that we could get
down to a volume and surface area function that only
involved two variables. We no longer need this condition

for these problems.

Now, let’s get on to solving the problem. We first need to
identify the function that we’re going to optimize as well as
the constraint. Let’s set the length of the box to be x, the
width of the box to be y and the height of the box to be z.

Let’s also note that because we’re dealing with the
dimensions of a box it is safe to assume that X, y, and z are

al positive quantities. We want to find the largest volume
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and so the function that we want to optimize is given by:
f(X,y,2) = Xyz, 2(xy+xz+yz) =64 = Xy + xz+yz =32

Note that we divided the constraint by 2 to simplify the
eguation a little. Also, we get the function g(x,y,z) from
this g(x,y,z) = xy+xz+yz, thus we will obtain four equations

such that solve.

f,= A= yz = A (Yy+2) ........ *
f,= Agy= Xz = A (X+2)......... o
f,= Ag,= Xy = A(X+Y)......... kK
XY +XZ+yZ =32....cccciiiinnnn, Hex

Solve the first three equations, we will get x = y = z,
substitute in (****), thus x* = 32/3, therefore x = y = z

= +v32/3.
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Example 12

Find the maximum and minimum of f(x,y) = 5x-3y subject

to the constraint  x* + y*= 136.
Solution:

This one is going to be a little easier than the previous one
since it only has two variables. Also, note that it’s clear

from the constraint that region of possible solutions lies on

adisk of radius+/136 which is a closed and bounded region
and hence by the Extreme Value Theorem we know that a
minimum and maximum value must exist. Here is the

system that we need to solve:
fi= A g=>5=A(2X)........ (#

f,= A gy=>-3=A(2y)....... (#4)

Notice that, as with the last example, we can’t have A= 0
since that would not satisfy the first two equations. So,

since A= 0, we can solve the first two equations for x and y
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respectively by substituting x = 2%’ y = 2% |n (###), we
25 9 _17 _ 1
will get = + 5 =55= 136, thus A=+7, & A= 1/4,

therefore x = 10, y = -6 and at A= -1/4, thus x = -10, y = 6,
therefore f(-10,6) = -68 (min.), f(10,-6) = 68 (max.).

Example 13

Find the maximum and minimum of f(X,y) = Xyz subject to

theconstraint x+y+z=1, assumex,y, z>0.
Solution:

First note that our constraint is a sum of three positive or
zero number and it must be 1. Thereforeit is clear that our
solution will fall in the range O< X, y, z <1 Therefore the
solution must lie in a closed and bounded region and so by
the Extreme Vaue Theorem we know that a minimum and
maximum value must exist. Here is the system that we need

to solve:

ff=Agy= yz=Aoo.o. (i)


http://tutorial.math.lamar.edu/Classes/CalcIII/AbsoluteExtrema.aspx

fmAg = xz=A..........(i1)

fmAQ, > Xy=»A....... (iii)

From the above equations, yz = xz = z(x-y) = 0 and
Xz =Xy = X(y-2)=0, thusz=0o0r x =y, if z=0, therefore

A =0, thus xy =0, henceeitherx=0o0ry=0.

Atz=0,x =0, thereforey=1,oratz=0,y =0, thusx =1
and so we’ve got two possible solutions (0, 1, 0) & (1, O, 0).

If x =y, thaeforex =y=z=13andif x=y =0,
therefore z = 1, so we’ve got two possible solutions
(0,0,1) and (1/3,1/3,1/3), hence f(0,0,1) = f(0,1,0)=
f(1,0,0) =0 (min.) and f(1/3,1/3,1/3) = 1/27 (max.)
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Problems
1) Find all relative extrema and saddle points for
f(X, y) = 3x° + y* +9x-4y+6

2) Find al relative extrema and saddle points for
f(x, y) =X -y - yx*

3) A retall outlet sells two different telephone answering
machines. The demand functions are Qa = 100 — 2x+y and
Qs=90+ x - 1.5y , where Q, isthe quantity demanded of
brand A and Qs is the quantity demanded of brand S when
the prices charged are x dollars for brand A and y dollars
for brand S. Determine the prices that would maximize total
revenue from sales of both brands of answering machines.

How many of each would be sold at those prices?
4) Maximize f(x,y)= x+y subject to the constraint x*+y* = 1.

5) Find the maximum and minimum of f(x,y) = 4x* + 10y?

onthedisk x*+y*<4.

6) Find the maximum and minimum of f(x,y)=x* + y°
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subject to the constraint x*+xy+ y*= 31.

7) Find the maximum and minimum of f(x,y)= yx*+2y+ y*

subject to the constraint xy-1 =O0.

8) Find maximum product of positive 3 numbers whose

sum equal S.

9) An open box with volume 12 m®, find the dimensions of

the box to obtain maximum area.
10) Expand f(x,y) = Xy sin(xy) in Taylor Maclaurin series.

11) Find envelope of the function (x-o)’+(y-a. )’ = P, ais

the parameter.
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